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2005

EKOQNHXEIX

OEMA 1

A.l1  "Eoto po ovvdptmon f, n omoia eivar opiouévn oe éva khelotd
didompa [a, B]. Av:
e 1 feivar cvveyng oto [a, B] Ko
o flo) #£(P)
deiéte OTL Yy KGOe ap1Buo M petald tov f(a) ko f(B) vrdpyer évag,
TOLAAYIGTOV X € (0, B) tétotog, dote

f(xo) =M.
Movaoses 9

A2 Tlote m evbelo y = Ax + [ Aéyetal aoOURTOTN TNG YPOPIKNG
TapAGTUON G (oG suvaptnong f oto +oo;
Movaosg 4

B. Na yopoakmnpicete Tig TPOTACES TOL OaKOoAOLOOVV, YpPAPOVTAG GTO
TeTpAdd coc T AéEN Xwotd M AdBog Simha oT0 YpAuUp 7OV
avTIoTOKEL O€ KGBE TPpOTOON.

a. Av 1 felvar cuveyng oto [a, f] pe flo) < 0 xon vdpyetl & € (a, f)
aote f($) =0, tote xat’ avaykn () > 0.
Movdoeg 2

B. Av vmépyet to lim ( f(x)+ g(x)), 10TE KOT OvAYKN LILAPYOLV TOL

lim f(x) xou Iim g(x).

X‘)XO

Movaosg 2

v, Av 1 féxet avtioTpoen cuvaptnon £ Kot 1) YPapIKh TopdoTacn TG
f &xer koo onueio 4 pe v evbeia y = x, 10te 10 onueio 4 avnket

KO 6T YPaQIKh Topdotacnh e f .

Movaosg 2
6. Av lim f(x)=0 xouf{x) > 0 xovtd ot0 Xo, TOTE lim ™ =400
X—>X, XX X
Movaosg 2

e. Avn feivon pa cuveyng cuvdptmon oe éva ddotnpa 4 kot o gival
14

éva onpeio tov 4, TOTE 1oyvEL Ux f (t)dtj = f(x)—- f(a) yw xdbe

x e
Movaosg 2
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6T. Av (o ovvaptnon f eival cvveyng oe éva dwommuo 4 xor dg
unoevietor 6° avto, T0TE aVTN N givon Betikn Yo k6B x € 4
etvar apvntikn yoo ke x € 4, dMiadn dwrnpel TpodoNUo GTO

Stbompa 4.
Movaosg 2
O®OEMA 2
Atvovton ot pryadikot apBpot zi, za, z3 pe |z1| = |z2| = |z3| = 3.
- 9
o. Acgiére otu z, =— .
Zl
Movaoseg 7
B. Aci&te 0T10 0p1OUOG 2425 v TPOLY LOTIKOG.
Z 4
Movaoses 9
e 1
v. Aciéte otu |z, +2z, + 2, |:§|z1 Zy+ 2, 2,42, 2
Movaoss 9
O®OEMA 3
Atveton 1 suvaptnon f pe tomo fx) = ¢, 4> 0.
a. Acgi&te 0TI 1 f eivan yynoimg avéovoa.
Movaoses 3

B. Acifte 611 e€lomon ™ EPORTOUEVNC TNG YPAPIKNG TTapdoTacng TS f, M
omoia 01EpyeTat amd TV apyn TV atdvav, elvarn y = lex.
Bpeite t1¢ cvvrtetaypEveg tov onpeiov emagng M.
Movaoseg 7

y. Agiéte 011 10 guPaodv L(4) Tov ywpiov, To omoio mepikieietarl petaln g
YPOPIKNG TOPACTACNG TNG £, TNG EPATTOUEVNG TNG o6TO onueio M Kot Tov

e—2
aéova y'y, etvar E(A) = .
Sovay'y (4) 2
Movaoss 8
2
0. Ymoloyiote 0 lim A A :
A—>+0 2+T“"lﬂ’
Movaoseg 7
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OEMA 4

‘Eoto o suvapmon f mopaymyioyn oto R 11010, OoTe va 1630€1 1| oxéon
27'(x) =¢e" ™y kabe x € R ko f0) = 0.

o. No deybel ot f(x) = ln(1 +28 j :

Movaosgs 6
[ " fx—0)dt
B. Na Bpebeito: lim =>—— |
x—0 T“.l X
Movaosg 6
y. Aidovtol o1 GLUVAPTAGELC:
2007
hx)= [ 2. f()dr xan g(x)=——.
x)=[ 7 f@) g8 ="
Agitte 011 h(x) = g(x) y10 kéBe x € R.
Movaoseg 7

x 1
8. Acifte 6T eéicwo 1 f(Odt =
Gre omun eGiowon [ 1 f()dl =
O, 1.

Exel axpiPog pia Aon 6to

Movaosgs 6
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AITANTHXEIX

OEMA 1

A.l.  Osdpnua eVOIAUESOV TILOV.

‘Eoto o suvapmon f, n omoia givar opiopévn oe éva KAE1oTd ddotn e

[o, B]. Av:

e 1 f elval cvveyng oto [a, B] ko

o flo) = f(P)

totE, Y100 KOO apBpd M petald tov fla) ko f(B) vrapyet £vag, TovAdyicTOV Xo €
(0, B) Tét010¢ Mote f(x0) =M

A.2. Hevbelo y=Ax + [ Aéyetar acOUTTOT TG YPUPIKNG TapdoTtaong g f
610 +oo, av lim [f(x) - (Ax+ B)]=0.

B.

o— A,
B—>A
y—>2X
d—>2
e>A
oT > X

OEMA 2

a. Ano ) oxéon |zl| = |zz| = |zg| =3 &youpue:

|zl|:3<:>|zl|2:9<:>2121:9<:>21222.
1

B. Apxel (*) va deyyBet Ot

z z z z z z z, Z
_1+_2:[_1 _2] PN WP R S

+
z, 2z z, Zz z, z, z, Z
_ _ 9 9 ,
Ouwwg z, =—, z,=—, Z,=— 0OV |zl|:|zz|:|z3|:3.
Z Z, Z3
9 9
, zZ, Z z z z z
R
z, z 9 9 z gz
z 2,

2

* Ioyberom z=z < zeIR
yotiovz=ao+pi t0te z=a—fi apa z—z=20i (1).
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)
Etworz=z=0z€IR

Y. o' TPOTOG
Eivau:
o, 4, 9 .9 I 1 1 n|le2 +z,z, +zgzl|
|Zl-i—zz-i—z3|:zl-i-zz-i-z3 =lz,+z,+z,|=—+—+—|=9—+—+—|= : : :
2y Z; I Z; Z, I ‘ Z,2,Z,
|22, + 2,2, + 2,2 |7z, 42,2, 4252 1
- = =—|z,z, + 2,2, + 2,2, -
‘21‘22 Zs‘ 27 3
B' tpomog
Eivat:

2 1 2
|z, + 2, + 2, :§|zl~zz+zz~z3+z3~zl| &

— 1
(zy+z,+z)(z,+z,+2,) = a(zlz2 +2z,2, + 2,2, 02,2, + 2,2, + 2,2,)

— — — 1
(z,+z,+2,)(z,+ 2z, +z,) 25(2122 +2z,2,+ 2,2, (2,2, + 2,2, + 2, 2,)

9 9 9) 1 81 81 8l
(zy+zy+zy)| —+—+— |==(2z, + 2,2, + 2;32,) + +
z, z, zy;) 9 Z\2, Z,Z, Z,Z
1 1 1) 81 1 1 1
Nz +z,+zy) —+—+— |=—(2,2, + 2,2, + 2,2,) + +
“\z, oz, =z 9 R Z,2, Z,Z, Z)Z
z, oz, z z, z; z 2,2, Z,Z, Z,Z 2,2,  Z,Z, I,Z
I+ + L+ 241+ 24+ 2+ 24 ] = | 1+ 2 28 22 3 L g
ZZ Z3 Zl Z3 Zl ZZ ZZZ3 Z3zl leZ Z3zl leZ ZZZ3

z z z z Z Z z z z V4 z z
2, Iz Ly Iy 5y I, Iy Iy 5y Ly I, o

H tehevtaia 1oy0el Tpopavag, dpa Kot n apyiki.

OEMA 3

a. H f eivar mopayoyioyn oto R o¢ chvBeon mapaymyicipov cuvapmoemy 6' auto,
ne £'(x) = (™) =e™- (x) =re™ x € R.
Eivat A>0, e™ >0 ywo ke x € R, onote £'(x) >0 yw kabe x € R. Apa f
yvnoeing avéovoa oto R.

B. Eoto (xo, f (X0)) ot ovvietayupévec tov onueiov M. Tote n eélowon ¢
eponTopnéVNG oto M eivan

(€): ¥~ f(x0) = F'(xo) (X ~X) & y — ™ = Ae™o(x —xp).
IMo va diEpyeton n (&) amd Vv apyn TV aEOvev TPEREL Kat apKel:
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0-e™ = Ae™(0-xg) & —1 = A(Xg) & Xo = 5
‘Etoin (¢) yivetau

y—e:)\e(x—%)@y:)\ex.

Ot ovvtetaypéveg tov M etvat: M(% ,e).

y
To {nrodpuevo euPadov 6mag eaivetor omd 10 oyfua 16oHTAL LIE:
1
e 1
)\ -
_ _femdx- L.l e |tempp_e 1 1 e 2e-2-e_e-2
(OAMB) (OAM)_!;e dx -5 e_be L S TR TR TR T o o
)\Z.ﬁ
. N -EMN) 2\ (e-2)A e-2 1
. Eivan = = = . _
2+nuh 2+nph 2Q2+npd) 2 2+npA
A
Mo kéBe 4 >0 elvat:
—1snu)\s1c>1s2+nu)\s3c>0<%£2+TW£%

At ]

. (1 . .
Oupwg lim (—j = lim (—j =0, ondte pe Pdon 10 Kpunplo mapepPorng eivai

lim 2Rt

A—>+0

=0, evd

, . , € . .o
Etol lim = 400 KOl 0LPOV > 0 TpoKVTTEL TEMKE OTL

Asto D+ 1'“,0\,
A
2
fim 2 BW _
Aot D 4 T]l.l)\,

[Hapamnpnon:

o mv evpeon tov egpPadod tov ywpiov E (A) elvar dvvatdov va un
xpnoyomombel To oynua ¢ eENG:

Moy f(x) =¢e™ eivor £'(x) =A™ xar £7(x) =2%*>0 y kade x € R.
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‘Etoin f eivon kupt) 610 R ondte | epamtopévn g YpoQIkng mapdotaong g
oe KaBe onueio ¢, PpiokeTon KAT® amd T YPOQIKY TapdcTacn Ue eEaipeon TO
onueio emapnc. (ZyoMo cek. 274 oyohkov BifAiov).

‘Etol f(x) > Aex < f(x) -Aex > 0 yu xdBe x € R. H cuvaptmon

1
g(x) = f(x) - Aex eivar cvveyng G S1POPA GLVEXDY GUVOPTIGEDV GTO {O, X}

omote 10 (NTovpevo epPaddv 1ovToL LE:
1 1

= = 1
0 o 1, rex? |r e—2
EMN) = | (f(x) — Aex)dx =] (e™ —Aex)dx = —e™™ — =...= .
() !((x) x)dx !( x)dx {X : } =
OEMA 4
a. Ao ™ Soopévn oxion 21 (x) = e 'Y yiokdPe x € R &xovpe:
2= 4
WA

2f (e’ =e* i

, o1
e = e

(ef(x)) _ lex f

0

Ta x=0 &ovpe: e’ :%JrC

1N omoia Adym tov o1t f(0) =0 ypdoeeTa:
0
e -8 ycoi-licec-1
2 2 2
e’ +1
—

ro €

, 1
Onodrte: e +E el =

Apa: f(x)= h{ex;lj.

B. O¢tovpe x -t =u.
Awgopilovpe v terevtaia kot Bpickovpe du = —dt.
Emmhéov yio t=0 elvar u=x, evo yio t=x eivor u=0.

‘Etou
[ fGc=nydt = =] f@uydu = [ f )
Emopévac: )
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[ fc=nar [ £y
lim 2 = lim 2
x—0 T“Jx x—0 T“Jx

H f eivar ovveyng oto R, omdte J. fu)du eivon mapoyoyioyn cto R pe
0

Uf(u)duj - /).

Eneom J.Ox f(u)du etvon mopaymyioywn oo R Ba etvor kKo suveyng ¢' avto.
j S @)

U. f (u)duj
Enopéva: lim 2 =lim zlim& SO =f(0)=0.

x—0 nLx x—0 (n lle)' *=0 gUVX ocvv0

(H f eivon mopaymyioywn oto R, dpa eivon ko suveyng o' auvtd.)

olo

v. Etvan

X 0 X X -X
h(x) = j £2005f(t)dt = j £2905¢(t)dt + j t2905¢(t)dt = j £2905f(t)dt - j £2905f(t)dt .
Av Oswpncovus rn ocuvaptnon o(t) —t2005 f(t) n h(x) ypdopeTat:
h(x) = J.(p(t)dt— jcp(t)dt
H o(t) =t*" . f(t) eivar cuveync oto R, dpo 1 svuvaptnon K(X) = Iw(t)dt etvan
0

nopayoyioym oto B pe k' (x) = ¢ (x) = x°° . f(x), 6no¢ emiong eivon

mopay®yioyn Kot mn - ovvoptnon  K(-x) = Iw(t)dt ®g olbvheon TV

TOPAYOYIGIHGY —X, K(X), He (K(—X))" = ¢(—x)(— X) =—¢ (—x).

Emopévag
h'(x) = (k(x) = k(%)) = (%) + (%) = x"*f(x) + (=) f(~ x) =
1+e*
_ 2005 [ 1+€" ) z00s fl+e€ | _ 2005 | 2 |_ 2005 [1+€ |
2 2 1+e 1+e™
2
_y2005 o 1@ o005 | €T (1+€) | 2005 X 42005y _ 42006
14+ = (eX +1)

X
e
2007 2006
X 2006

Ax¢ =X ’ ’ R (x) = 2007 -
xoua n g(x) 5007 etval wopoywyiown oto R pe g (x) 2007

Eneion h'(x) =g’'(x) yiakdfe x € R etvan h(x) =g(x)+ ¢, c € R.
Opwg yio x=0 etvor h(0)=g(0)=0, dpa c=0.
Enopévog h(x) =g(x) yiokdbe x € R.
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x 1
8. H eéicwon J: > f(@)dt = 2008 AMOY® TOL EPOTALATOC Y YPAPETAL 1IGOSHVaLLOL

2007
1

X 2008x*™7 ~ 2007 =0
2007 2008

Bempovye T cVVAPTNON

P (x) = 2008x*"" — 2007, x € [0, 1].

H P eivon ovveyng oto R, dpa kot oto [0, 1] og molvawvopk.

P(0)=-2007<0 P (1)=1>0

Enopévag, coppova pe 1o Bedpnpa Bolzano vadpyet Eva tovidyiotov xo € (0, 1)
t€T010 Mote P (xo) = 0.

Emmhéovn P (x) eivon mapaymyioyun oto R wg molvovopikn, dpa kot oto [0, 1]
e P '(x) = 2008 - 2007x**%.

Etvor P '(x) > 0 yuo kabe x € (0, 1) omdten P elvar yvnoing avéovoa oto (0, 1).
Apan P (x) =0 é&xer axpiag pia piCa oto (0, 1).
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